MEASURE AND INTEGRATION: LECTURE 19 



Product spaces in R". 

Proposition 0.1. Let R" = x R"^. Let X C be jC^ -measurable 
and Y C R"^ be C"^ -measurable. Then X xY gW^ is -measurable, 
and X{X x Y) ^ X{X)X{Y). 

Proof. If X X y e then by Fubini I, 



Just NTS X xY e C\ 

We may assume X and Y have finite measure. Let X = W^^^Xk and 
Y = U^^iYfc, where Xk ^ X n B{0, k) and Yk^Yn B{0, k). Then 



So if Xfc X Ffc G since L" is a cr-algebra, then X x F G 

Now, given e > 0, there exists Ki C X C Gi and K2 C Y C G2, 
with Ki C R^ and C R"* compact, d C R^ and G2 C R"' open, 
such that X^{Gi\Ki) < e and A"^(G2\i^2) < e. We have KixK^G R" 
is compact, Gi x G2 C R" is open, and Ki x K2 (Z X x Y C Gi x G2. 



Gi X G2 \ i^i X = ((Gi \ K^) X 6-2) U (i^i X (6-2 \ 7^2)) 



X{Gi xG2\KiX K2) = X{Gi \ Ki)X{G2) + A(G'i)A(G2 \ K2) 




XxY ^[jX^xYj,. 



Now 



C ((Gi \ i^i) X G2) U (Gi X (G2 \ i^2)) . 



Thus, 



<eA(G2) + eA(Gi) 
<e(A(/^2) + e) + e(A(iri) + e) 
< e(A(X) + A(F) + 2e). 
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Hence A(Gi x G2 \ -f^i x K2) can be made arbitrarily small. By the 
approximation theorem, X xY is >C"-measurable. □ 

General product spaces. Let {X, Mx, l^x) and (F, My, I^y) be mea- 
sure spaces. What is a measure on X xYl Define M.x x M.Y to be 
the smallest o"- algebra containing measurable rectangles (i.e., A x B 
with A e Mx and B e My)- 

Proposition 0.2. If E & Mx x My, then Ey (the x-section of E at 
y) is in Mx for all y eY. 

Proof. Let be the class of all E G Mx x My such that Ey G Mx 
for every y E Y. If E = A x B, then clearly E E fl. Then f2 is a 
(7-algebra: (a) X xY efl, (b) E e fl, then {E'')y = {Eyf G Mx since 
Mx is a (7-algebra. (c) If E^ G then {U'^^Ei)y = {J'^^{Ei)y G A^x 
since Mx is a cr-algebra. □ 

For = X M™, it is not true that £" is the product measure 
(but it is the completion of the product measure). How do we define 

Proposition 0.3. If E e Mx x My, then Ey G Mx for all y and 

X{Ey) is a measurable function on Y . 

Define XxxYiE) = Jy \{Ey) dfiY- If X and Y arc a-finite (countable 
unions of sets with finite measure), then this also equals \ {Ex) dfix- 

Fubini's theorem. Let (X, Mx, fJ'x) and {Y, My, fJ'v) be cr-finite mea- 
sure spaces and / = Mx x My measurable. Then, for each y eY, fy 
is A^x-nieasurable, and for each x E X, f^ is A^y-measurable. 

(a) Let < / < 00, 

= fx dnY, ^{y) = fy dux- 

JY J X 

Then (/? is Alx-measurable and ■0 is My-measurable, and 



(p dfix = f d{iix X hy) = i/j djiY- 
X JxxY Jy 

(b) Let /: X X F ^ C. If / G L^fix x //y), then fx G L^/jy) 
for a.e. x E X and /y G L^{nx) for a.e. y eY, and the above 
holds {ip E L^{jJLx) and ip E L^{iiy))- 
If iix and hy are complete and use nx x /xy (the completion of 
^J^'X X //y, then the only change is /y is A^x-measurable for a.e. y and 
fx is Aty-measurable for a.e. x. 

Proposition 0.4. Let f : X xY ^ C is Mx x My -measurable. Then 
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(a) for every x E X , f^: Y ^ C is My -measurable, 

(b) for every y & Y , fy-. X ^ C is Mx -measurable. 

Proof If V is open, let Q = f-\V), Q e Mx x My We have 
Qx^{y\ fM eV}^ f-\V) e My from earlier. □ 

Theorem 0.5. Let = x R"*. Then is the completion of 



